We propose the generation of high-purity perfect cylindrical vector beams (PCVB) using the Fourier transformation of Bessel-Gauss vector beams. The demonstration of PCVBs is implemented via an interferometric method employing a spatial light modulator that allows a fully independent control of the ring diameter (R D ) and ring width (R W ) of the PCVB. The proposed scheme enables to generate different types of cylindrical vector beams with precise user-defined transverse dimensions. The dynamic control of the ring width, ring diameter, and the specific type of PCVBs desired is theoretically as well as experimentally demonstrated. The proposed experimental setup can not only be employed in the generation of arbitrary PCVB, but also in perfect vortex beams. The ability to generate fully tailorable cylindrical vector beams and vortex beams has implications for the efficient launch of exotic optical modes in specialty fibers, in the field of optical tweezers as well as for superresolution microscopy.
Introduction
There is a burgeoning transformation in the optics and photonics world, which so far had been driven by Gaussian light beams. Increasingly, scientists and engineers are finding new applications that benefit from a beam of light whose intensity profile takes the shape of a single doughnut ring [1] - [3] . In particular, the so-called cylindrical vector beams (CVBs) with radial and azimuthal distribution of polarization exhibit unique properties when focused, which provide distinctive light-matter interactions compared to conventional (Gaussian-like) beams with homogeneous polarization [4] , [5] . For example, a radially polarized doughnut shaped beam enables a significantly improved imaging resolution by providing a symmetric and high numerical aperture focus [6] , [7] . More recently, CVBs have shown to enhance the quality and control over the laser processing of materials [8] . Furthermore, CVBs have promising applications in optical micro-manipulation [9] , super-resolution imaging [10] - [12] and fiber optic transmission of exotic optical states [13] , [14] . These emerging applications of CVBs, both in free space optics as well as in fiber optics, have reached a threshold where further developments will require a greater control over the precise intensity profiles of the CVBs.
Precise control over the ring diameter and ring width of vortex beams (i.e. beams carrying orbital angular momentum) was recently achieved through the generation of perfect vortex beams, as demonstrated by a number of research groups [3] , [15] - [19] . These recent works report the ability to maintain the dimensions of the beam intensity pattern irrespective of their topological charge (l). Furthermore, the reported new class of perfect vector vortex beams have been demonstrated with tailorable ring diameter irrespective to the polarization order. Still to the best of our knowledge, the independent control of the ring diameter and ring width in perfect cylindrical vector beams (PCVB) has not yet been demonstrated in its entirety [20] - [23] . So far, efforts towards the generation of PCVBs that would enable one to fully tailor the intensity profile of the CVBs of interest have yielded PCVBs with tunable ring diameter only that were of limited purity [20] , [22] , [23] (showing either residual light intensity in the beams centre or significant intensity fringing) via a method of limited flexibility due to the use of static optical elements [22] . In this work, we demonstrate the generation of arbitrary PCVBs whose transverse intensity profile (i.e. ring width and ring diameter) can be independently and easily controlled via an iris and a diffractive phase mask implemented on a programmable spatial light modulator (SLM). The proposed method is highly adaptable as it can be used to generate any type of PCVB as well as any topological orders of perfect vortex beams, using the same experimental setup. Our experimental results are supported by a rigorous theoretical framework as well as full-vector finite-element simulations that are in agreement with theory and results.
Theory
Perfect cylindrical vector beams are here generated by the interference of two coherent sources: a left and a right circularly polarized beam stemming from the Fourier transformation of Bessel beams. The experimental formulation for the Fourier transform of an ideal Bessel function is not amenable in practice. Therefore the Fourier transformation of the closely related Bessel-Gauss beams has been widely used instead in experiments. The Bessel-Gauss beam equation is mathematically written as [24] 
where (ρ, ϕ) are the polar coordinate system, J l is the lth order Bessel function of the first kind, k r is the radial wavevector, l is the topological charge of the optical beam and w g denotes the beam waist of the input Gaussian beam used to form the Bessel-Gauss beam. In the case of the first circularly polarized Bessel-Gauss beam, the x and y E-field components transform into a vector field given by
Likewise, the second circularly polarized Bessel-Gauss beam of opposite handedness and topological charge (l) is written as
The coherent superposition of these two opposite circularly polarized light beams thus yields a CVB with a Bessel-Gauss profile: The latter CVB is passed through a Fourier lens transformation that converts the CVB into the desired PCVB, which can be written as
where R = (ρ, φ) is a shorthand notation for the polar coordinates, I l is the lth order modified Bessel function of the first kind, φ is an offset phase added to tailor the relative phase between the two beams with opposite topological charges, and R W = 2w o denotes the "ring width" of PCVB (as defined in Fig. 1 ) where
is the beam waist of the input Gaussian beam at focus. The "ring
is governed by:
where n is the refractive index of the axicon material, α denotes the base angle of the axicon that is used to tune the ring radius of the PCVB, while k = k 2 r + k 2 z and k z respectively denote the total and longitudinal wavevectors. We note that a detailed description of the role and definition of the axicon parameter is given in Appendix A at the end of the paper. For large values of R r at the Fourier plane, w o becomes small and the modified Bessel function can be approximated as
Hence the expression of the Fourier-transformed CVB in (5) can be rewritten as
where
Further, the propagating PCVB is written as
Finally, when the above equation is evaluated at the focus of the Fourier lens (z = f ) it simplifies as
. Equation (10) describes the complex E-field amplitude of the PCVB at the focal plane of the Fourier transform lens. This equation is useful for guiding the experimental realization of PCVBs and to analyze the results. By controlling the input beam waist w g one can tune the ring width (R W ) of the PCVB. Similarly, the ring diameter (R D ) can be independently controlled by varying the radial wavevector k r that is related to the axicon parameter in (6) and (12).
Experimental Setup
The experimental setup for the generation of PCVB is based on a common-path interferometric scheme and a spatial light modulator (SLM), as is schematically depicted in Fig. 2 . The linearly polarized input Gaussian beam from the tunable laser source at 1550 nm is collimated to a 3 mm diameter beam using an objective lens. This collimated beam is allowed to pass through an iris to adjust the incident beam diameter. A first half-wave plate (HWP) is placed before a 50:50 nonpolarizing beam splitter (BS) to ensure that the linearly polarized beam is at a 45
• angle with respect to the plane of incidence. The Wollaston prism (WP) splits the input Gaussian beam into two beams of vertical and horizontal polarizations diverging at an angle of 1.3
• . The horizontally polarized beam subsequently passes through a second HWP to make it vertically polarized in order to match the polarization dependence of the phase-only SLM. Further, a two-lens arrangement (L1 and L2) is employed to collimate the diverging beams before they interact with the phase masks digitally imprinted on the SLM. A blazed grating phase mask was designed using a homemade Matlab script and numerically transferred to the SLM in real-time. Henceforth, the two back-diffracted beams from the reflective SLM travels back through the same arrangement of lenses and prisms so that they recombine into a single coherent beam. The interference of the two orthogonally linearly polarized beams with opposite topological charges results in the formation of a vectorial beam exhibiting spatially inhomogeneous polarization. The role of the quarter-wave plate (QWP) is to convert the two orthogonally linearly polarized beams into left and right circularly polarized beams, respectively. The generation of different types of CVBs actually depends on the relative phase difference (φ) imparted by the phase mask of the SLM. The Fourier lens (FL) transforms the field distribution of the diffracted beams so as to generate a single PCVB at the focus. Finally, a CCD camera captures the intensity profile of the generated PCVB.
Result and Discussion
The screen of the reflective phase-only SLM (1920 × 1152 pixels) was divided into two equal halves, each addressing a different incoming beam, so as to produce two 1st-order diffracted beams with opposite topological charges whose intensity profiles are shown on the first two columns of Fig. 3 . The phase masks employed are blazed fork grating structures designed such that the total diffraction efficiency into the first order is maximal. We note that the overall efficiency of the proposed scheme is currently limited to 25% due to the double passage through a beam splitter. Fig. 3 also displays the experimental and simulated beam profiles of the generated PCVBs with the local E-field vectors denoted by arrows in the simulations. For demonstration purposes, we applied the proposed method for the generation of three different types of CVBs: the radial and azimuthally polarized CVBs that are respectively analogous to the TM 01 and TE 01 modes of an optical fiber, as well as an in-homogeneously polarized CVB with direct correspondence to the even and odd HE 21 modes of a fiber. For the latter exemplar set of PCVBs, the relative phase difference between the two interfering beams (set by the phase masks on the SLM) was varied from φ = 0 to φ = π, as shown in Fig. 3 . Still, we again stress that the proposed method is in fact general since the SLM can be programmed with different phase and topological charges so as to generate any other types of PCVB or perfect vortex beams for that matter, all using the same experimental setup. As indicated earlier and suggested in Fig. 1 , the key feature of this work stems from the ability to tailor both the ring diameter and ring width of the PCVB independently from one another. The latter is here accomplished through two "knobs": the axicon parameter (a) and the iris parameter via the input Gaussian beam waist (w g ). The procedure to generate a PCVB is thus divided into two stages. In the first stage, the variable iris is used to control the diameter of the input Gaussian beam, which enables one to tune the ring width (R W ) of the PCVB. As the input beam width (w g ) increases, the ring width decreases in both directions, inward as well as outward. In the second stage, the axicon mask (along with the lens function) imprinted on the SLM allows the independent control of the ring diameter (R D ). The demonstration of PCVB with complete control over the transverse dimensions of the CVB is shown in Fig. 4 for increasing values of the axicon and iris parameters. The ring diameter (R D ) of PCVB was increased or decreased via the axicon parameter (a) for a given fixed input Gaussian beam width. Fig. 4 . The results indicate an average fluctuation of around 3% for a given constant ring diameter (i.e. along a single column i, ii or iii) while the iris parameter (R W ) is varied. We ascribe this small error to the aperture diffraction incurred when the iris is gradually closed to modify the input beam width. This effect causes a slight reduction in the brightness of the recorded beam, which in turn affects the intensity contrast (i.e. image sharpness) of the recorded beam profile. We note that the ultimate size of ring width possible with this method is only limited in practice by the aperture of the iris utilized (see Fig. 2 ). However, this iris could be replaced by a lens arrangement (i.e. tunable beam expander) that would extend the input beam diameters possible with this approach. The maximum achievable size of ring diameter is mainly restricted by the aperture stop of the lenses and half wave plate located before the SLM. On the other hand, the minimum size of the ring diameter is limited by the minimum input size of the Gaussian beam. Measurements in Table 1 further indicate that for a given constant ring width (along a single row a, b or c) there is an average error of 5% in the stability of the ring width (R W ) while the ring diameter (R D ) is varied. This small fluctuation stems from the Fourier transformation of the Bessel-Gauss beams as pointed out in [24] . The experimental validation of the kind of PCVB generated was performed with the well-known method of the rotating analyzer (Fig. 5) , as described in [1] , [26] . The first column in Fig. 5 presents a schematic representation of the E-field vector distribution of the PCVBs of interest. By rotating the linear polarizer in front of the CCD camera (first row) and by simultaneously monitoring the resulting intensity profiles on the camera (subsequent rows), one can deduce the type of PCVB (TM 01 , TE 01 and even or odd HE 21 ) at hand. We note that the intensity distributions of the TM 01 and TE 01 modes rotate in the same direction while rotating the linear polarizer in front of the CCD camera, whereas the intensity distributions of the even or odd HE 21 modes rotate in the opposite direction. To determine the mode purity of the PCVBs generated with this method, the azimuthal intensity distribution of the doughnut shaped intensity profiles was recorded. A calculation based on the visibility of the intensity ring pattern reveals that the PCVBs produced in this work were of high purity (>18 dB) as indicated in Table 2 . The approach used to determine the mode purity is detailed in Appendix B.
Conclusion
We have proposed and demonstrated the generation of high-purity perfect cylindrical vector beams (PCVB) whose transverse profile dimensions (i.e. ring width and ring diameter) can be independently controlled using an iris and a diffractive phase mask implemented on a digital spatial light modulator (SLM). Although the work was restricted to the generation of well-known PCVBs (the HE 21 mode, radially and azimuthally polarized TM 01 and TE 01 modes), we emphasize that the proposed method can be directly generalized to any arbitrary PCVB as well as for the generation of perfect vortex beams, using the same experimental setup. The ability to generate PCVBs and tune their dimensions through a digitally addressable SLM obviates the need for the repeated tedious manipulation and re-alignment of bulk optics in the setup. The ensuing perfect cylindrical vector beams and perfect vortex beams are of high topical interest in the areas of laser material processing, super-resolution microscopy, fiber launching of exotic optical states and spin-orbit optical interactions, among others.
Appendix A
The interference of the two perfect vortex beams (of opposite topological charges) leading to the generation of a PCVB with the desired spatial polarization and transverse dimensions, depends on the user-defined phase masks imprinted on the SLM. A given phase mask is here designed by combining an axicon phase, a lens function and a spiral phase function that also implements the appropriate relative phase shift (between the two interfering beams). The resulting complex phase mask is given by [14] :
where k denotes the total wavevector, f is the focal length and a the axicon parameter. The first term of (11) represents a lens function while the next term is the axicon function that is used to control the ring diameter (R D ) of the PCVB. The axicon parameter used in this phase mask has a relationship between the radial and total wavevectors defined by
with k r =
B o
and B o being the first zero of the zero-order Bessel beam. Finally, the third term of (11) represents a spiral phase function that is used to produce two beams with opposite topological charges (l = ±1). The practical implementation of this complex phase mask is schematically described in Fig. 6 . 6 shows the physical procedure for transforming an input Gaussian beam into a PCVB. The input Gaussian beam sequentially passes through the three different stages of the complex phase mask described in (11) that is imprinted on one half-side of the SLM. In the example of Fig. 6 , here a right(-left) circularly polarized input Gaussian beam after passing through the spiral phase function yields a Laguerre-Gauss beam of prescribed topological charge (l = ±1). Next, the beam is transmitted through the axicon function thus generating a Bessel-Gauss beam. Subsequently, the Bessel-Gauss beam is Fourier transformed into a perfect vortex beam after passing through the lens function. The latter procedure is performed on both arms of the common-path interferometric arrangement (but using different phase masks on each half-side of the SLM). Finally, when the two perfect vortex beams of opposite topological charges are made to interfere, the ensuing optical beam forms the desired type of PCVB (TM 01 , TE 01 or even and odd HE 21 modes) as shown in Fig. 3. 
Appendix B
To test the quality of the PCVB generated using our experimental setup, we measured the purity of the TM 01 , TE 01 or even and odd HE 21 beams based on the visibility of their intensity pattern given by [27] V = I max − I min I max + I min (13) Where I max and I min are the intensity maxima and minima of the beam along the azimuthal intensity distribution. Hence, the mode purity is calculated using
Mode pur i ty (dB ) = 10 log 10 1
Fig . 7(a) shows the azimuthal intensity distribution along the ring for an ideal TE 01 mode obtained from simulation. Keeping the simulated result as reference, we then present the azimuthal intensity distribution of the experimentally obtained TE 01 PCVB as displayed in Fig. 7(b) . The beam purity measurements of the TM 01 and HE 21 PCVBs were similarly calculated and their values reported in Table 2 . 
